The standard Bloch oscillation normally refers to the oscillatory tunneling dynamics of quantum particles in a periodic lattice plus a linear gradient. In this work we theoretically investigate the generalized form of the Bloch oscillation in the presence of additional higher order gradients, and demonstrate that the higher order gradients can significantly modify the tunneling dynamics, particularly in the spectrum of the density oscillation. The spectrum of the standard Bloch oscillation is composed of a single prime frequency and its higher harmonics, while the higher-order gradients in the external potential give rise to fine structures in the spectrum around each of these Bloch frequencies, which are composed of serieses of frequency peaks. Our investigation leads to a twofold consequence to the applications of Bloch oscillations for measuring external forces: For one thing, under a limited resolution of the measured spectrum, the fine structures would manifest as a blur to the spectrum, and leads to intrinsic errors to the measurement. For another, given that the fine structures could be experimentally resolved, they can supply more information of the external force than the strength of the linear gradient, and be used to measure more complicated forces.
I. INTRODUCTION
Ultracold atoms, owing to their perfect isolation to the environment and flexible tunability, have become an ideal platform for fundamental physics research and practical applications [1, 2] . Among these investigations, a paradigm is the Bloch oscillation (BO) of ultracold lattice atoms, which not only reveals the wave natures of quantum particles, but also finds various applications, e.g. in precision measurements. BO, known as the periodic oscillation of a particle subject to a periodic potential plus a liner gradient, was firstly introduced in solid-state systems [3] , and have been experimentally explored in various ultracold atomic ensembles, such as with Bose-Einstein condensates [4] [5] [6] [7] [8] [9] [10] [11] [12] , degenerate Fermi gases [13] , and strongly correlated lattice atoms [14] . BO of ultracold atoms has been theoretically proposed to be applied for the measurement of the gravity acceleration [15] , the nonlinear interaction between atoms [16] , as well as forces at short distances [17, 18] , such as the Casimir force and even the non-Newtonian gravity forces. In experiments, the high precision measurements of h/m Rb [7, 8] , and the gravity acceleration [9] [10] [11] [12] [13] have also been performed.
The standard BO can also be generalized to more complicated setups, which bring in new effects and applications. For instance, temporal modulations of the lattice potential [19] [20] [21] [22] [23] or the interaction strength [24] have been demonstrated to induce the so-called super Bloch oscillations, which can be used to transport atoms in the lattice with a controllable manner. The BOs in nonuniform lattices, such as aperiodic lattices [25, 26] , disorder lattices [27] as well as zigzag and helix lattices [28] have also been extensively investigated. In this work, we consider an alternative generalization scheme of BO in optical lattices, in which higher order gradients are taken into account besides the linear one. This generalization, termed as generalized Bloch oscillation (GBO), is in favor of the realistic setups of optical lattices in the presence of external forces, such as gravity or Casimir force, which contains not only the linear but also higher order gradients. We demonstrate that, on the one hand, in the presence of the higher order gradients, the dynamics of the lattice atoms still maintains an oscillatory behavior. On the other hand and more importantly, the frequency spectrum of GBO is significantly modified and the higher order gradients give rise to the fine structures in the spectrum, manifested as splitting of the Bloch frequencies, i.e. the prime frequency and its higher harmonics, into series of frequency peaks. The fine structures present a strong influence on the measurement of external forces based on the tunneling dynamics of lattice atoms. For one thing, in the measurements of the linear forces by the Bloch frequencies, the fine structure induced by the residual higher order gradients, broadens the measured frequency peaks of the corresponding Bloch frequencies under a limited experimental resolution of the spectrum and leads to intrinsic errors to the measurements. For another, provided an improved resolution of the spectrum to identify the fine structure, it is possible to decode the strength of the higher-order gradients from the fine structure, and holds the potential in precision measurement of complicated forces. This paper is organized as follows. In Sec. II we present the Generalized Bloch oscillation in optical lattices with quadratic gradient, including the setup (II A), analytical results (II B) and numerical verifications (II C). A brief discussion are given in Sec. III.
II. GENERALIZED BLOCH OSCILLATION IN OPTICAL LATTICES WITH QUADRATIC GRADIENT
A. Setup
In this work, we consider the quantum dynamics of ultracold atoms confined in one-dimensional optical lattices in the presence of an external potential, containing gradients of different orders. The interaction between atoms is set to be zero, which can be experimentally realized either by tuning the interaction to approaching zero via Feshbach resonance [10] [11] [12] , or directly loading single atoms to the optical lattices [14] . Under the condition of non-interacting lattice atoms, the setup is reduced to a single-particle one, with the Hamiltonian given as:
where M denotes the mass of the atoms, V l (x) = V 0 sin 2 (kx) is the lattice potential, and V ex (x) refers to the external potential. The external potential can be decomposed as a summation of gradients of different orders, i.e. V ex = α≥1 V α x α , where, e.g., α =1 and 2 refers to the linear and quadratic gradients, respectively.
In our investigations, the atoms are initially loaded to a single site, and the dynamics is mainly around this initial site. In the following, we shift the origin of the coordinate to the potential minimum of the initial site, denoted as x 0 , and the external potential becomes V Before proceeding to the GBO, let us recall the main characteristics of the standard BO. In the standard BO that the atoms are initially loaded to a single site of an optical lattice in the presence of a linear gradient, i.e. V α = V 1 δ (α, 1) , the atoms undergo a breathing-type periodic oscillation around the initial site, and the spectrum of BO is composed of a single prime frequency and its higher harmonics. The prime frequency ω B = πV 1 / k linearly depends on the strength of the gradient, which stimulates various applications in precision measurements [7-9, 13, 15-18] . In this work we extend to investigate the generalized Bloch oscillation (GBO) in the presence of higher order gradients of the external potential, with a focus on the spectrum of GBO.
B. Analytical results

GBO under a quadratic tilt
We firstly consider the simplest case of GBO, with the external potential composed of a linear and a quadratic gra-
2 , which we term as the quadratic GBO. The dynamics of the lattice atoms is demonstrated by the one-body density oscillation of each site ρ i (t) = x∈i−th site dx Ψ (t)|x |Ψ (t) , as well as the corresponding frequency spectrum, ρ i (ω) , where i indexes the site of lattice. Our main results can be summarized as follows: For one thing, the one-body density ρ i (t) of quadratic GBO still maintains a periodic structure. For another, and more importantly, a major difference between the standard BO and the quadratic GBO arises in the spectrum. In the case of the standard BO, the spectrum ρ i (ω) is composed of peaks located at ω B and its higher harmonics, while the additional quadratic gradient splits each of these Bloch frequencies into a series of equidistant peaks. Taking the equidistant peaks around ω B for instance, the location of these peaks can be derived as
In equation (2), n labels the peaks around the dominant frequency ω B and runs over all the integers. Equation (2) shows that these equidistant peaks are centered at ω B = πṼ 1 / k , and the spacing between the neighbor peaks is
Shown from the above equations, the centered value and the spacing of the equidistant peaks are linearly dependent on the strength of the linear and the quadratic gradients, respectively. The derivation of the above equations is done by applying the first-order perturbation theory, in which the quadratic term is taken as the perturbation to the Wannier-Stark states [29, 30] . The detailed derivation can be found in the appendix.
Equations (2) and (3) indicate that in the use of BO for measuring the linear gradient, the residual of the quadratic term can splits the prime frequency into a series of peaks. In the case that the fine structure composed of the split peaks could not be well resolved in the measured spectrum, it behaves as the broadening of the measured profile of the prime frequency, and consequently induces errors to the measurement. On the other hand, given that the fine structure of the equidistant peaks could be resolved in experiments, we suggest that the quadratic GBO could be used to realize the simultaneous measurements of the linear and quadratic gradients of an external potential. The measurement scheme involves performing GBO of lattice atoms, and extracting the strength of the linear and the quadratic gradients from the averaged value and the spacing of the equidistant peaks, respectively. Comparing to the differential measurement strategy of the quadratic gradient, which requires measuring the external force at different locations, the GBO can lead to an in-situ and simultaneous measurement of the linear and quadratic gradi-ents, which could be particularly useful in situations within short distances.
GBO under a general tilt
We turn to consider the general case of the external potential, which is composed of arbitrarily many gradients of different orders, thats V 0 ex (x) = α≥0Ṽα x α . Under the condition that the linear gradient dominates over the higher order terms in the external potential, the spectrum ρ i (ω) of the corresponding GBO also presents multiple series of frequency peaks, located around each of the Bloch frequencies n × ω B . The equidistant behavior in the quadratic GBO, however, breaks, and the frequency of the peaks around ω B becomes:
In the above equations
is the ∆ -th order Bessel function of the first kind, t refers to the hopping strength between neighbor sites of the lattice with no external potential, and the summation runs over all integers.
The results given in equations (4) and (5) again demonstrates that the higher-order gradients generate fine structures in the spectrum, which encodes the detailed information of the composed external potential. In the case that the linear gradient is the dominant term of the external potential and the higher-order gradients behaves as a perturbation, the fine structure can induce errors in measuring the linear gradient with the standard BO. Moreover, the results also indicate that the characteristic frequencies of GBO still encodes the information of the external forces, in terms of the strength of the gradients of different orders, which could be explored for measuring forces containing multiple gradients. It should also be pointed out that in equations (4) and (5), the locations of the frequency peaks become dependent on the lattice parameters, such as the hopping strength, which requires careful choice and calibrations of these parameters for applications based on GBO.
C. Numerical verifications
In this section we present numerical results on the GBO, in terms of the temporal one-body density oscillation ρ (x, t) and the corresponding integrated spectrum ρ (ω) =
where ρ i (ω) denote the density spectrum of the i-th site, and the summation of i runs over all the occupied sites during the tunneling process. Since we focus on the non-interacting system, our simulation reduces to a single-particle problem, in which the atom is initially localized to a single site, and then released to the whole lattice. The simulation is performed in the real space, despite that our analytical investigation is based on the Bose-Hubbard model. In our simulations, the energy, time and frequency are rescaled with respect to the recoil energy E R ≡ 2 k 2 2M , that's to say, the unit of the energy, time and frequency are E R , E R / and /E R , respectively.
The Quadratic case
We firstly simulate the quadratic GBO, of which the external potential is composed of the linear and quadratic gradients. The simulation results are shown in figure 1. In figure 1(a) and 1(b) , we compare the density oscillation of the standard BO and the quadratic GBO. Comparing to BO, the density profile of the quadratic GBO still maintains a periodic oscillation around the initially occupied site, while the symmetry between the left and right wings of the profile breaks. Roughly speaking, in both wings the propagation downwards is faster than upwards the gradient, which results in a tilted structure of the density profile as shown in figure 1(b) . This parity symmetry breaking induces the oscillation of the center of mass, calculated by x . The center of mass remains still in the initial site during BO, while oscillates around the initial site in the quadratic GBO, as indicated by the dotted lines in figures 1(a) and 1(b).
More importantly, the integrated spectrum ρ (ω) presents more significant difference between BO and the quadratic GBO, as compared in figures 1(c) and 1(d). In both figures, we plot ρ (ω) around ω B , and it can be seen that in the spectrum of BO, only a single frequency peak arises located at ω B , while in the spectrum of the quadratic GBO, a series of peaks arise, of which the spacings between neighbor peaks are the same. The neighbor spacings take exactly the value δω = 2π 2 V 2 / k 2 as derived in Eq. (3). The equidistant frequency splitting in the presence of the quadratic term is one major result of this work.
In order to further verify the equidistant behavior in the spectrum of the quadratic GBO, we numerically calculate the neighbor spacings over a relatively wide range of V 2 , and compare the results to the analytical value of δω , as shown in figure 2. In figure 2 , the neighbor spacings between the central four peaks in the spectrum are plotted as a function of V 2 , together with the analytical value of δω . It is clearly seen from figure 2 that all the spacings are lying on top of each and match well with δω . Figure 2 verifies the equidistant behavior in the spectrum of the quadratic GBO, and confirms the potential use of the quadratic GBO for the in-situ measurement of the quadratic external potentials.
Effects of higher order gradients
In this section we numerically simulate the GBO under the external potentials, which are composed of gradients of arbitrarily high orders. The external potential of the general form can model complicated forces, such as the van der Waals and the Casimir-Polder forces. We then take the Casimir force as an example to demonstrate the GBO in the presence of higher order gradients, and the corresponding potential is taken as the thermal Casimir-Polder plus the gravity potential Mgx, which models the interaction between atom and the dielectric surface in the presence of the gravity field. The linear gravity field is much stronger than the Casimir-Polder potential, which guarantees the linear gradient dominant in the external potential, as required in the analytical derivation.
The choice of parameters in the numerical simulations follows that in works [39, 40] , which corresponds to the specific interaction between 40 K and a sapphire surface with ǫ 0 = 9.4 at temperature T = 300K. The atoms are initially loaded in the 13-th site of a lattice with spatial period 873nm, of which the local minimum is around 5.7µm. The results with lattice heights 8 E R and 12 E R are shown in figure 3. Figures 3(a) and (b) present the temporal density oscillation and the density spectrum in a lattice of height 8E R . In the density oscillation, a periodic oscillatory behavior is observed, and more importantly, a fine structure composed of roughly four peaks arises in the spectrum. A qualitative agreement between the numerically calculated spectrum and the analytical prediction by the first-order perturbation treatment indicates that the locations of the frequency peaks are linearly dependent on the strength of the Casimir-Polder potential, which guarantees a potential use of the GBO spectrum for measuring the strength of the thermal force. Increasing the lattice barrier to 12E R , the density oscillation shrinks to fewer sites, as shown in figure  3(c) , and the corresponding spectrum in figure 3(d) is also re- duced to fewer peaks, which reveals the relation between the spannings in the real space and in the spectrum. Figure 3 , in general, indicates that the spectrum of the GBO with carefully chosen lattice parameters can present fine structures, which encodes the detailed information of the external force.
It is worth pointing out that, the standard BO has been proposed [39] for measuring the linear component of the CasimirPolder potential, with ultracold lattice atoms subjected to both the gravity and the Casimir force. The proposal assumed that under the condition that the Casimir force is much weaker than the gravity force, the effect of the Casimir force to the spectrum of the BO is merely the shift of the prime frequency by the linear component of the Casimir force, and the shift can be used to measure the strength of the linear component and consequently the Casimir force. Our simulation, however, indicates that the Casimir force, even though much weaker than the linear gravity force, can bring in fine structures to the spectrum. Under a limited spectrum resolution in experiments, the fine structure could be seen a broadening of the prime frequency, of which the width is around 10 −4 ω B . Then in this case, the fine structure leads to an intrinsic error to the proposal. On the other hand, in the case that the fine structure can be resolved in experiments with improved resolution of the measured spectrum, it can be used to decode more information of the external force. For instance, the ratio between the spacings of the peaks in the fine structure can work as a fingerprint of the external potentials, and be used to distinguish one type of potential to another. The exact value of these peaks could further determine the strength of the potential.
III. DISCUSSION
In this work, we have theoretically investigated the generalized Bloch oscillations (GBOs) of non-interacting ultracold atoms in optical lattices in the presence of external potentials with higher order gradients. The results demonstrate that the spectrum of GBO presents fine structures of multiple series of frequency peaks, which encodes the properties, such as the strength of different gradients, of the external potential. With the fast progress of the experimental techniques, the fine structure could be within the reach of experiments in the recent future.
The fine structure gives rise to a two-fold consequence to the application of using the BO (or GBO) for measuring the external force. For one thing, in the case of a limited resolution of the experimentally measured spectrum, the fine structures could manifest as a broadening of the Bloch frequencies, and brings in errors to the measured results. For another, if the fine structure could be resolved in experiments, it could supply more information than that given by BO. The spectrum of BO or approximated BO can only tell the strength of the linear gradient of the external potentials, while the fine structure could be used as a fingerprint to identify the type of external potential. The GBO under higher order gradients then possesses the potential use of the lattice atoms tunneling for measuring not only the linear, but the higher order gradients, which offers new possibilities to measure complicated forces with ultracold atom ensembles [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] .
